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Abstract: This paper discusses the finding of a formula of volume and surface area of a 
sphere with abstract mathematics using Pythagoras and similarity theorem for high 
school students. 
        The finding of a volume formula and surface area of a sphere is actually simple.  
However, sometimes teachers explain a certain instructional material using a certain 
formula to students without telling the story of how the formula is found. Some teachers 
explain directly to students how to use the formula or give the formula using a simple 
theorem. For example they use a cone and hemisphere (half-sphere) and the altitude of a 
cone is the same as the radius of a sphere. They express the volume of hemisphere is 
equal twice the volume of a cone, or they use a cylinder with the altitude of which the 
same as the measure of diameter of a sphere in such a way that the volume of cylinder is 
equal with the volume of three times of a hemisphere (half-sphere). 
        This material needs to be developed in order that students, especially those with high 
achievement, are interested in this material. Sometimes they do not believe that the 
volume of a half-sphere is equal twice the volume of a cone, or the volume of cylinder is 
equal with the volume of three times of a hemi-sphere using measurement. Naturally we 
can call for integral; however, they have not yet learned it. Therefore, we have to find 
another way on the basis of the student’s ability or their learning experience. The writer 
finds the way to get the formula of volume and area of sphere through abstract 
mathematics using Pythagoras and similarity theorem, and then this material is developed 
to the volume of spherical cap without integral. This is a new theorem, because it is not 
yet discussed in the theorem before.    
 
 
INTRODUCTION 
 
 The material of volume and surface area of a sphere is given to the third year 

students of Junior High School in the first semester. This material needs to be developed 
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to another theorem in other that students are interested in this material, especially for the 

students of high achievement.  

 In general some teachers explain this material to the students directly by giving    

formula of volume and formula of surface area of a sphere and then giving some 

examples. Sometimes the teachers explain the material with real life mathematics. They 

use a hemisphere (half-sphere) filled with rice or flour or powder and then it is poured to 

cylinder that the radius of which is equal to the radius of a sphere, and the altitude of a 

cylinder is equal to the diameter of a sphere. The cylinder will be filled full with three 

times of a hemisphere. It is traditional/primitive way. I want to pin down students to 

abstract mathematics based on their ability and experience.  

 I try to develop another theorem and I present some other related materials such 

as: Pythagoras theorem, similarity theorem, and then this material is developed to the 

volume of spherical cap without integral. This is a new theorem, because it is not yet 

discussed in the theorem before.   

 

DISCUSSION  

A. Real Life Mathematics ( Concrete Theorem/The primitive way) 

1. The First Alternative (Usually it is used by a teacher in teaching) 

           The Students find formula of volume of a sphere through real life mathematics. 

They prepare plastic ball and cut it in to two equal parts. They make a cylinder with the 

altitude of the cylinder the same as the diameter of the plastic ball, and the radius the of  

the base of cylinder the same as the plastic ball. The hemisphere is filled with rice or 

powder and then it is poured to the cylinder, such that the volume of the cylinder is equal 

to the volume of three times of a hemisphere (half-sphere). 

 

 
 
 
 
     t = 2r                                                                                      r 
 
 
 
                                              r                                         
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          Let the volume of a cylinder is V1, the volume of a hemisphere is V2, and the 
volume of a sphere is V, with measurement V1 = 3V2    
 
          V1 = πr2t           t = 2r 

               = πr2 (2r) 

               = 2πr3 

 

          V1 = 3V2   ⇔  V2 = 1/3 V1 

                                       = 1/3 (2πr3) 

                                       = 2/3 πr3  

 

           V = 2V2 

               = 2(2/3 πr3) 

               = 4/3 πr3  

 

           The Formula of volume of a Sphere: 

 

                   V = 4/3 πr3
                 

            
 
 
            2. The second Alternative (Usually it is used by a teacher in teaching)  
 
They prepare plastic ball and they cut it into two equal parts. They make a cone with the 

altitude of the cone is the same as the radius of a plastic ball, and the radius of the base of 

the cone is the same as the radius of a plastic ball. The cone is filled with rice or powder 

and then it is poured to the hemisphere, such that the volume of a hemisphere is equal to 

the volume twice of a cone. 
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                              r                                                       t = r 
 
 
 
            
           Let the volume of a cone is V1, the volume of a hemisphere is V2, and the volume 
of a sphere is V, with measurement, m V2 = m 2V1   
 
           V1   =   1/3 πr2t         t = r 

                  =   1/3 πr2 (r) 

                  =   1/3 πr3  

            V2   =   2V1  

                   =   2(1/3 πr3) 

                   =   2/3 πr3 

 

            V    =   2V2  

                   =   2(2/3 πr3) 

                   =    4/3 πr3 

                            

                      The Formula of volume of a Sphere: 

 

                   V  =  4/3 πr3
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        3. Finding the formula of the surface area of a Sphere 

            (Usually it is used by a teacher in teaching) 

 

                  The Students prepare plastic rope and a solid ball, and on each of the lower 

and upper ends of the ball are embedded with a nail. The total surface area of the ball is 

turned with the rope.    

 The center of the plane is embedded with a nail and the rope is turned such that the 
chord-winding form a circle. 
             
 
 
 
 
 
                                    
 
 
 
                                  r                                                                         r1 = 2r 
 
 
 
 
 
 
          The figure 1 
     Chord-winding on a plastic ball 
 
                                                                                 The figure 2 
                                                                     Chord-winding on a plane 
 
 
 The figure above is with measurement m r1 = m 2r. The surface area of a plastic ball is 

equal the area of a circle. 

 Let the surface area of a sphere is A, and the area of a circle A1, then A = A1.  

Therefore: 

             A = A1   = π(r1)2  = π(2r) = π.4r2  = 4πr2    
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The Formula of surface area of a Sphere: 

 

                                  A = 4πr2  

 

B. Abstact Mathematics. 

1. Finding the volume of the sphere through Integral way 

          This theory is impossible to be explained to students of Junior High 

School, because they have not yet learned integral.  

                                      y 

   y = )22 xr −                                           (x, )22 xr − )   

 

 

     -r                              x            r                             x 

 

 

                                                          Area: A(x) = π( 222 )xr −  

 

 

The semicircle y = 22 xr −  is revolved about the x-axis to generate a sphere 

 We sketch the sphere and a typical cross-section disk. The radius of the disk is  

Y = 22 xr − . The volume of the sphere is therefore  

 

Volume = ∫
−

r

r

radius 2)(π dx 

 

              = ∫
−

−
r

r

xr 222 )(π dx  
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              =   π ∫
−

−
r

r

xr 222 )( dx   = 
r

r

xxr
−








−

3

3
2π  

           

                    V    =  
3

4 3rπ  

 

2. Finding the volume of the sphere through Pythagoras and Similarity  

          In developing the theorem to determine the volume of a sphere, it is 

necessary for us to find a solid where every cross section of that solid has an area 

that is equal to the area of the corresponding cross section of the sphere. To do 

this we work with half of the sphere rather than the total one.  Therefore, when the 

proof is completed we will have to double the volume found to determine the 

volume of the sphere. 

 To create the solid needed, we construct a right circular cylinder where the 

radius of the base and the altitude of the cylinder are both congruent to the radius 

of the sphere. We then construct a right circular cone whose base is the upper base 

of the cylinder while its altitude is the altitude of the cylinder. 

       
 
 
                                    B           r                C 
 
                                    D      z         E                                                           y 
 
                                     x                                                                  x           r        
 
                                      A 
 
 
 
  It is the solid at the left above to which we are referring. 

 Specifically, our objective is to prove that the volume bounded between the cone 

and the cylinder is equal to the volume of the hemisphere. To do this we will show that 

the areas of the shaded regions in the two solids are equal. Since they represent sections 
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formed by any plane parallel to the plane containing the bases of the two solids, we can 

conclude that the solids have equal volumes. 

 For the shaded region of the hemisphere: 

Since this is a circle its area will be, 

                                    A1 = πy2 

But,                              y2 = r2 – x2  

Therefore                     A1 = π(r2 – x2) 

 For the shaded region of the solid at the left: 

Since ∆ABC ∼ ∆ADE, x   :  AB   =   z   :   r 

But, AB is the measure of the altitude of the cylinder and hence it is the same as the 

measure of the radius. 

Therefore, x   :   r   =   z   :  r   or   x   =   z 

The area of the shaded region at the left is,  

                          A2 = πr2 - πz2    or    A2 = π(r2 – z2) 

Since                                      x = z 

The area is,                     A2 = π(r2 – x2) 

Thus, the areas of the shaded regions are equal and hence the volumes of the solids are 

equal. But the volume of the solid at the left is the difference between the volume of the 

cylinder and that of the cone. Hence,  

                           V h = πr2.r – 1/3 πr2.r  

or                       V h = πr3 – 1/3 πr3 =  2/3 πr3   

Therefore, the volume of the hemisphere is,  

 

                             V h = 2/3 πr3        
  

And, in turn, the volume of the sphere is, 

 

                                                  V = 4/3 πr3                                    
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Theorem: The volume of a sphere can be expressed by the formula, 

                                              V = 4/3 πr3      

                   Where r is the measure of the radius of the sphere    

 

 3. Finding the formula surface area of a sphere with abstract mathematics. 

 Consider the possibility of cutting up a sphere as shown in figure below. Each of 

the solids resembles a pyramid except for the fact that the base is region of the surface of 

a sphere rather than a polygon. 

 

                                                                

                                           A1                  A2       

                            

 

                               A3        
             
 
 
How ever, should each of these regions be taken small enough, then for all practical 

purposes the areas of the bases of these solids could be considered to be the same as the 

areas of the bases of pyramids. By accepting this, we can find the volume of the sphere 

by adding the volumes of all the “pyramids”. 

Hence, 

 Volume of sphere = 1/3 A1h1 + 1/3 A2h2 + 1/3 A3h3 + … + 1/3 A n h n 

But the altitude of each of the “pyramids” is the radius of the sphere. 

Therefore,  

                        V = 1/3 A1r + 1/3 A2r + 1/3 A3r + … + 1/3 A n r 

And by factoring,  

                        V = 1/3 r (A1 + A2 + A3 + … +A n) 

However, (A1 + A2 + A3 + … +A n) represents the surface area of the sphere which we 

call A. Hence, 

                                    V = 1/3 r A 
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The volume, though, can be replaced by 4/3 πr3. Thus, 

                                     4/3 πr3 = 1/3 r A 

And finally we can conclude that, 

                         

                                      A = 4πr2 

 

 r is the measure of the radius of the sphere. 

 

4. Volume of spherical cap. 
     A. The altitude of spherical cap less than of the radius of the sphere slice ( t < y ) 
 
 
                                    B           r                C 
                                                                                                          t 
                                    D      z         E                                                           y 
 
                                     x                                                                                     
 
                                      A 
 
                        The figure 1                                                         The Figure 2      

 The volume of spherical cap 

                                           V =   πr2t – [1/3 πr3 – 1/3π (r – t)3] 

 

                                               =   πr2t - 1/3 πr3 + 1/3π (r – t)3 

 

                                               =   1/3 [ πr2 (3t – r) + π (r – t)3] 

                                                

                                               =  1/3 πt2 (3r – t) 

 

We get a new formula of spherical cap: 

 

                                       V      =   1/3 πt2 (3r – t) 
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Example: 

                                 

      The altitude of spherical cap is 2 cm, and the radius of spherical cap is 8 cm. 

Find the radius of sphere and the volume of spherical cap. 

Look at the figure below!          

   

                                          t = 2 cm 

                                                 y = 8 cm                                      

 

                             r          r         r 

 

 

                  r2  = (r – 2)2 + 82                                   

                     = r2 – 4r  +  4  + 64 

                           4r = 68 

                             r = 17 cm 

 

                       V      =   1/3 πt2 (3r – t) 

                                =   1/3 π22 (3(17) – 2) 

                                =   1/3 π4 (51 – 2) 

                                = 1/3 π (196) 

                                =  651/3 π  

 

                         Compare it with integral 

               V  = ∫
17

15

2)(radiusπ dx 

                    = ∫ −
17

15

222 )( xrπ dx  
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                    =   π ∫ −
17

15

222 )( xr dx   = 
17

15

3
2

3 







−

xxrπ  

                                =  651/3 π      

 

B. The altitude of spherical cap more than of the sphere slice radius ( t > y )  

         

                 

  

       Volume of the below the spherical cap is equal  

       With the volume of a sphere - upper the spherical cap 

 

      V =  4/3 πr3 – 1/3πt12 (3r – t1) 
      
    =  4/3πr3 – 1/3π(2r - t)2 [3r – (2r – t)] 
 
    =  4/3πr3 – 1/3π( 4r2 – 4rt + t2)(r + t) 
 
    = 4/3πr3 – 1/3π( 4r3 + 4r2t - 4r2t - 4rt2 + rt2 + t3) 
 
    = πrt2 – 1/3 πt3 
 
    = 1/3 πt2 (3r – t) 

 

B           r         C
 

 D      z           E     
x 

 

t

t1 t1 t1 = 2r - t
t1 = 2r - t 

 
y
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                                      V =  1/3 πt2 (3r – t) 

                         

    
Example: 
 
The altitude of spherical cap is 16 cm, and the radius of the base of spherical cap is  
8 cm. Find the radius of a sphere and the volume of spherical cap. 

 
Look at the figure below! 

 
                                        A                             CE = 16 cm, and CD = 8 cm, then  
                                                                          
                    B               C                 D          CA = (2r – 16) cm, CO = (16-r) cm 
 
                                                                        OD = r = 10 cm  
                                     O 
 
 
 
                           
                                       E  
 

     V    = 1/3 πt2 (3r – t) 

          = 1/3 π162 (3.10 – 16) 

          = 1/3 π256 (14) 

         =   11942/3 π    
 
  Compared with integral  

      V = ∫
−

−
6

10

222 )( dxxrπ  

          =  6
10

3
2 )]

3
[( −−

xxrπ  

          = 11942/3 π 
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Conclusion: 

   1. The volume of spherical cap  t < y is the same as with t > y, i.e: 

        V = 1/3 πt2 (3r – t) 

   2. The Formula of sphere volume can be determined with abstract     

        mathematics through Pythagoras and similarity theorem. 

   3. The solution of volume of spherical cap can be found without integral  

 

 

Recommendation 

   1.  For further development, the material of spherical cap can be learned by      

        students of Junior High School. 

   2.  For high achievement students, the finding formula of sphere volume         

        can be explained with abstract mathematics through Pythagoras and   

        similarity theorem. 
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